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ABSTRACT. In this article we consider weak solutions of the three-dimensional 
incompressible fluid flow equations with initial data admitting a one-dimensional 
symmetry group. We examine both the viscous and inviscid cases. For the 
case of viscous flows, we prove that Leray-Hopf weak solutions of the three- 
dimensional Navier-Stokes equations preserve initially imposed symmetry and 
that such symmetric flows are stable under general three-dimensional perturba- 
tions, globally in time. We work in three different contexts: two-and-a-half- 
dimensional, helical and axi-symmetric flows. In the inviscid case, we observe 
that, as a consequence of recent work by De Lellis and Szekelyhidi, there are 
genuinely three-dimensional weak solutions of the Euler equations with two- 
dimensional initial data. We also present two partial results where restrictions on 
the set of initial data, and on the set of admissible solutions rule out spontaneous 
symmetry breaking; one is due to P.-L. Lions and the other is a consequence of 
our viscous stability result. 
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1. INTRODUCTION 
In this article, we consider the equations for incompressible fluid motion: 

d t u + (u ■ V)u = - Vp + uAu + /, 
divu = 0, { ' 

supplemented by appropriate initial and boundary data. Above, u = (ui, U2, 1*3) 
is the fluid velocity and p is the scalar pressure. The external force / and the 
kinematic viscosity u > are given. System (11.11 ) is referred to as the Navier- 
Stokes equations in the viscous case (y > 0), and as the Euler equations of ideal 
fluid motion in the inviscid case (v = 0). 

Let u = u(t, x) = u(t, xi, X2, X3) be a Leray-Hopf weak solution (see Defini- 
tion [2j]) of the Navier-Stokes equations (11.11 ) for some v > in a domain Q,, with 
zero forcing. Assume that the domain ficM 3 and the initial velocity uq = u(0, •) 
are symmetric with respect to a one-parameter group which is invariant under the 
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Navier-Stokes evolution. For example, one may think of flow in the full three- 
dimensional space, which is periodic in all three directions, for which the initial 
velocity is periodic and invariant under vertical translations, i.e., whose compo- 
nents do not depend on the vertical variable. Our main new result is global-in-time 
stability in the energy space of solutions which preserve the symmetry, within the 
class of Leray-Hopf weak solutions of the three-dimensional Navier-Stokes equa- 
tions. As a consequence, any Leray-Hopf weak solution of the three dimensional 
Navier-Stokes equations which starts symmetric will stay symmetric for positive 
time, ruling out spontaneous symmetry breaking within this class of weak solu- 
tions. We will also see that, as a special case of a construction due to C. De Lellis 
and L. Szekelyhidi, spontaneous symmetry breaking does occur among weak solu- 
tions of the three-dimensional Euler equations. 

Our analysis, in the viscous case, is closely related to weak-strong uniqueness 
results for the Leray-Hopf weak solutions of the incompressible 3D Navier-Stokes 
system, a subject with an old, large and deep literature. Symmetric flows, regarded 
as a special class of three-dimensional flows, are more regular than a general three- 
dimensional Leray-Hopf weak solution. The idea behind weak-strong uniqueness 
is to impose additional regularity assumptions on a given weak solution in order to 
guarantee it is unique. Our point of departure is whether this additional regularity 
of symmetric weak solutions is enough to ensure uniqueness. 

The first weak-strong uniqueness result for Leray-Hopf solutions of the Navier- 
Stokes equations is due to Sather and Serrin, see [18], and it is usually referred to 
as Sather-Serrin Uniqueness Criterion, see also the work of G. Prodi ifToll . Briefly 
stated, a weak solution in L q ((0,T), L p (tt)) is unique if 3/p + 2/q = 1, 3 < 
p < co. Recently this criteria was extended to the limit case p = 3, q = co, see 

ia a. 

General two-dimensional flows, for example, are in L°°((0, T); L 2 )nL 2 ((0, T); H 1 ), 
which, by interpolation and Sobolev imbedding, are in L q ((0, T); L P (Q)) with 
2 < p < co, 2 < q < 2p/(p — 2) or (p, q) = (2, co). We call this region of 
the extended (p, g)-plane 71. The hyperbola 3/p + 2/q = 1 lies strictly above the 
region 1Z, approaching 1Z only as (p, q) — > (co, 2). Hence, the Sather-Serrin crite- 
rion (or its extension to the limit case p = 3, q = co) does not ensure uniqueness 
of two-dimensional flows, when viewed as three-dimensional flows. The terminol- 
ogy two-dimensional flows, in this work, means that the components of the velocity 
fields do not depend on the vertical variable, X3. We observe that, depending on 
the context, the velocity fields of two-dimensional flows can have either two or 
three components. We also recall that two-dimensional flows are sometimes called 
two-and-a-half-dimensional flows (denoted 2^D flows) when the velocity field has 
three non-trivial components (see, e.g., Section 2.3.1 of |[T3l ) . 

There is a large literature dedicated to extensions of the Sather-Serrin crite- 
rion, see [5] and references therein. However, the results which have been ob- 
tained tend to obey the same scaling as the Sather-Serrin condition. The prob- 
lems treated in the current paper are, in a sense, off-scale, and, therefore, only 
the extensions which have been obtained near the critical case (co, 2) are poten- 
tially relevant to our work. One particularly noteworthy result was established by 
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H. Kozono and Y. Taniuchi, see [8] and it concerns extending the Sather-Serrin 
uniqueness criterion to vector fields which are bounded in L°°((0, T); L 2 (M 3 )) n 
L 2 ((0,T);BMO(R 3 )). In fact, vector fields which are in L 2 ((0, T; H 1 (M 2 )), 
such as the solutions of the two-dimensional Navier-Stokes equations, are actually 
bounded in L 2 ((0, T); BMO(M 3 )) because ^(M 2 ) C BMO(R 2 ) C BMO(R 3 ) 
(we note emphatically that these vector fields are independent of the third vari- 
able). However, these vector fields are not square-integrable in R 3 , so we cannot 
use Kozono and Taniuchi 's criterion to address uniqueness (or stability) of two- 
dimensional solutions viewed as three-dimensional flows. 

The original argument in [18] was formulated in an arbitrary domain, but, as 
in Kozono and Taniuchi 's result, the extensions have been full-space results mak- 
ing use of harmonic analysis machinery. Of course, to circumvent the fact that 
two-dimensional flows are not square integrable in full space, one should look for 
uniqueness among 3D flows in another domain, such as flows which are periodic 
in the third variable. It seems likely that one could adapt the proof of Kozono and 
Taniuchi 's criterion to flows which are periodic in the third variable, and then ob- 
tain an uniqueness and stability result along the lines suggested above. However, in 
this work, we would like to take a more elementary approach, closer to Sather and 
Sarin's original argument, which works on a vertically periodic flow in cylindrical 
domain of general shape, and in other situations as well. 

The problem of stability of two-dimensional flows under three-dimensional per- 
turbations is very natural and interesting from the physical point of view, and it has 
been the subject of previous work. The first results in this direction were obtained 
by G. Ponce, R. Racke, T.C. Sideris and E.S. Titi, see lfl31 . Their main result is 
global existence of a strong solution which starts close, in H 1 to a two-dimensional 
solution, also a stability estimate. Their result was later improved in HUH, by re- 
laxing regularity conditions on the perturbation, but always working in the class of 
strong solutions, and therefore, focusing their concern on global existence, rather 
than stability. Our work may be regarded as an extension of these articles to weak 
Leray-Hopf solutions. 

We are going to prove uniqueness and stability results for Leray-Hopf weak 
solutions in three different contexts: 

(i) two-dimensional flow in an infinite straight cylinder with bounded and 
smooth cross-section, with no-slip boundary condition and three-dimensional 
perturbations which are periodic in the vertical direction; 

(ii) helical flow in a straight circular cylinder, with no-slip boundary condition 
and general three-dimensional perturbations with the same period as the 
helical flow; 

(iii) axi-symmetric flow in the interior of an axi-symmetric torus with smooth 
cross-section bounded away from the symmetry axis, no-slip boundary 
condition and a general three dimensional perturbation. 

In each case, existence of a symmetric weak solution for the Navier-Stokes equa- 
tions when the initial data is symmetric is an implicit requirement of our analysis, 
and can be obtained by an easy adaptation of the classical argument by Leray. 
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Global well-posedness of weak solutions is also known in all three cases. We em- 
phasize that these well-posedness results all refer to the corresponding symmetry- 
reduced equations. For case (i), it was pointed out in Proposition 2.7 of flj ], that 
global existence of two-dimensional flows, regarded as three-dimensional flows, 
reduces to the global well-posedness result of weak solutions of the standard 2D 
Navier-Stokes equations in a bounded domain, which was established in 13. For 
global existence and uniqueness of weak solutions in case (ii) see 11121 and, in case 
(hi), see HoHH. 

Concerning the inviscid case, we discuss three results. The first result is exis- 
tence of a genuinely 3D weak solution of the 3D Euler equations in a periodic cube, 
with two-dimensional initial data. The result is a special case of a construction by 
De Lellis and Szekelyhidi in HI, as formulated by Wiedemann in [21]. The sec- 
ond result is a consequence of a weak-strong uniqueness theorem for dissipative 
solutions of the Euler equations, due to P.-L. Lions in ifTTTl . The third result is a 
corollary of our viscous stability estimates, applied to Euler solutions which are 
vanishing viscosity limits in a specific way. 

The remainder of this work is divided into four sections. Section 2 contains 
basic definitions and notation, Section 3 concerns the viscous results, Section 4 
contains the inviscid results, and Section 5 is final comments and conclusions. 

2. Preliminaries 

In this section we fix notation and set down some basic definitions. In this arti- 
cle, we are concerned with incompressible flows in three contexts - triply periodic 
flow in a box, flow in an infinite vertical cylinder whose horizontal cross sections 
are bounded and smooth and which are periodic in the vertical direction and flows 
in a bounded axi-symmetric domain. To discuss the incompressible Navier-Stokes 
equations in these contexts we first introduce the Hilbert spaces usually denoted by 
H and V in the literature, adjusting things according to the specific case as follows: 

(1) for the periodic box Q, = (0, l) 3 , the spaces H(Q) and V(Q) are the clo- 
sure of the C°°, periodic, divergence-free vector fields in U with respect to 
the L 2 and H 1 norms in Q,, respectively. 

(2) for the periodic cylinder U = D x (0, L), where L > and D is a bounded 
smooth domain in M 2 , the spaces H(Q) and V(£l) are the closure of the 
C°° vector fields which are, periodic in the vertical variable, compactly 
supported in the horizontal sections and divergence-free in Q with respect 
to the L 2 and H 1 norms in Q, respectively. 

(3) for a smooth axi-symmetric domain Q, the spaces H(Q) and V(Q) are 
the closure of the C°° vector fields which are, compactly supported and 
divergence-free in SI with respect to the L 2 and H 1 norms in f2, respec- 
tively. 

We denote by V{Q) the space of C°° test functions, periodic in the case of the 
cube, compactly supported for the axi-symmetric domain and and periodic in the 
vertical variable, compactly supported in the horizontal direction for the periodic 
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cylinder. We will also use the notation H W (Q) for the vector space H(Q) endowed 
with the weak topology in L 2 . 

Let us recall the definition of a Leray-Hopf weak solution of the Navier-Stokes 
system: 

Definition 2.1. Let f2 be either the periodic box, the periodic cylinder or an axi- 
symmetric domain as above and let u G C°([0, oo); H w (D,))nL°°((0, oo); H(D,))n 
Lf oc ([0, oo); V(Q)). Then n is a weak Leray-Hopf solution of (11.11) with initial data 
n G H(D,) and forcing / G L 2 ((0, T); H~ l (n)) if: 

(1) for any test function <j> G C£°([Q, oo); P(O)) such that div0 = we have: 



f'OO f' P 

/ / {-d t 4> • n - [(n • S7)4>] ■ u + vVu : V0} dxdt - 
Jo Jn Jn 



uq • 0(0, x) dx 



■7^ 



(<t>(t,-),f(t,-))dt, 







where A : B = Ylij a ijhj is the trace product of two matrices and (•,•) 
denotes the duality pairing between H(j(Q) and ff _1 (fi). 
Additionally, 
(2) for any t > 0, 

ll n (V)ll!2 ( n) + 2^ J \\Vu(s,-)\\l 2{n) ds < |K|||2 (n) + 2 J {u(s, ■), f{s, ■)) ds. 

(2.1) 

Note that by density arguments, and the continuity of the terms used in the 
identity in item (1) of Definition 12. 1 1 one can extend the Definition 12. II to allow 
for the use of test functions 4> G C^°([0, oo); V(Q)) in the identity in item (1) of 
Definition 12. II 

We also require a definition of weak solution for the Euler equations, but only 
in the case of the periodic box and without forcing, see CD ED. 

Definition 2.2. Let = (0, l) 3 be the periodic box and let u G C°([0, oo); H w (17)). 
We say that u is a weak solution of the Euler equations ( (11.11) . v = 0) with initial 
velocity no G H(Q) if for any test function <p G C^°([0, oo); T>(Q)) such that 
div0 = we have: 

{dt4> ■ u+[(u- V)4>] ■ u} dxdt + uo ■ 0(0, x) dx = 0. 
3. Viscous flow 

In this section we will state and prove stability results for Leray-Hopf weak so- 
lutions of the Navier-Stokes equations (11.11 ). with zero forcing, in the three contexts 
described in the introduction. 

We start with three-dimensional perturbations of two-dimensional flows. Re- 
call that two-dimensional flows refer to solutions of the three-dimensional Navier- 
Stokes equations which are independent of X3. 
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Theorem 3.1. Let D CM 2 be a bounded domain with smooth boundary. Consider 
u G H{D) and let u G C°([0, oo); H W {D)) n L 2 ((0, oo); V(D)) be the unique 
weak solution of the incompressible Navier-Stokes equations having, as ini- 
tial data, uq. Fix L > and set C = D x (0, L). Let v G L°°((0, oo); H{C)) n 
L 2 ((0, oo); V(C)) be a Leray-Hopf weak solution of the three-dimensional incom- 
pressible Navier-Stokes equations with initial data vq, where vq G H(C). The 
following estimate holds true: 



\v — u u2 



L2(C) (*) ^ ll^o - w ||| 2(G) exp (-^\\u \\t2 {D) ),forallt> 0. 



Proof of Theorem 1X71 We begin by following the argument in the proof of Theo- 
rem 6 in lfT8l . Fix T > and let % be a standard 1 -dimensional mollifier (smooth, 
non-negative, even, supported in (— e, e) and with unit integral). Define 

f T 

u £ = u e (t,x)= / rj e (t — s)u(s,x) ds. 



o 



Define in an analogous manner v e = v £ (t, x). 

Then, using u £ as test function in the weak formulation of the equation for v, 
and v £ as test function for the equation for u, we find the following two identities: 

-(u,v £ )(T)+ [ (u,d t v e )ds-v f (Vu,Vv £ )ds (3.1) 
Jo Jo 

((it • V)v £ ,u) ds - (u ,v £ ); 

o 

(v,u £ )(T)+ [ {v,d t u £ )ds-v [ (Vv,Vu £ )ds (3.2) 
Jo Jo 

T 

{{v ■ V)u £ ,v)ds - (v ,u £ ), 







where (•, •) denotes the inner product in L 2 (C). 

We add these two identities, using the fact that J Q T (u, dtv £ ) ds = — J Q T (v, dtu £ ) ds, 



and we find 



(u,v £ ){T) - {v,u £ ){T) - v [ [(Vu,Vv £ ) + (Vv,Vu £ )]ds (3.3) 

- / [{(u ■ V)v £ , u) + ((« • V)u £ ,v)} ds - (n , ug) - (v , u £ Q ). 
Jo 



We multiply (13.31 ) by 2 and let e — > to obtain 



-2(u,v)(T)-4u f (Vu,Vv)ds (3.4) 

JO 

2 / (((u-«)-V)(w-u),«)ds-2(«o,«o). 

■/ 
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Next, we use the energy inequality, satisfied by both u and v (see Definition 
ED: 

\\ u \\h(c)( T ) + 2 " J Q ll v, w( s > ') llia(C) ds ^ H n o|li2 (c) ; (3.5) 

\\ v \\h(c)( T ) + 2u J Q W Vv ( s i-)Wh(c) ds ^W v o\\h(c)- ( 3 - 6 ) 
Introduce w = v — u and add (13.41) . (13.51) and (13.61 ) to find 



/■T /-T 

\h{c)( T ) + 2u J \\^ w \\h(c) ds ^ W w o\\l 2 {c) + 2 J {w-Vw,u)ds. (3.7) 



I 

This is 



JO JO 

is is precisely inequality (27) in fTSl . At this point we depart from the argu- 
ment presented in [ 18 ] and use the fact that u is two-dimensional. We analyze the 
nonlinear term using the two-dimensional Ladyzhenskaya inequality in D: 

I {{w ■ V)w,u) ds = / / / K w ' V)iu] • u dxidxzdxzds 
Jo Jo Jo Jd 



< 



lo Jo 



lo Jo Jd 

IMIl 4 (D)I|VHIl 2 (D)IMIl 4 (d) dx 3 ds 



'o Jo 



f T f L 

<2 1/4 / / ll^llia^Z?) IK^'i ' ^2)^lli2 2 (jD) II Vw|| Z/2(jD) ||-u||z,4(z?) ^ 3 rfs 



~ Jo JO ^LHD)\\ Vw \\%\D)\\ U \\LHD) dx 3ds 



~ V lo L W Vw W 2 L 2 {D) dx Z ds + 7^3 S Q So ^L 2 (D)W U \\L^D) dx -i ds ^ 

by Young's inequality. Therefore, using the fact that ||u(s, ") llz, 4 (z?) * s independent 
of X3, we obtain 



T rT 27 f T 

({w-V)w,u)ds <u J \\Vw\\\ 2{c) ds + -^-^ J \\u\\l HD) \\w\\ 2 L2 {c) ds . 

(3.8) 

We input (O in to find 



Therefore, by Gronwall's Lemma we deduce that 



27 

w\\ 2 L2(c) {T) < \\w \\ 2 L2(c) + 7 ^ ^ \\u\\l i(D) \\w\\l 2(c) ds. (3.9) 



IHIl2(c*) 



(T) < ||wo||!2 (c) exp J \\u\\l HD) ds^j . (3.10) 



Finally, we use again the Ladyzhenskaya inequality to estimate: 
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||u||£ 4 ( D )ds < 2 ||n||| 2 ( D )||Vn||^2( D )rfs 

< 2||n|| LoO ( (0jT ). i 2( D ))||V'u|| jL 2(( 0>T ). i 2( D )), 

which, using (13.51) together with the fact that u is independent of £3 yields the de- 
sired result, once we replace T by an arbitrary t > and notice that the dependence 
on L cancels out. □ 

Remark 3.1. An immediate corollary of Theorem 13. II is the uniqueness of Leray- 
Hopf weak solutions for two-dimensional initial data. 



Next, we will examine a variant of Theorem 13. II pertaining to helical flows. 
A vector field U is called helical, with step a € R \ {0} if, for any 9 E E and 

any x € R 3 , 



U 



cos 9 


s'm9 


" 









— sin 9 


cos 9 





x + 





) 








1 




_ Z7T 





U(x). 



We refer the reader to lfT2l for well-posedness results for the Navier-Stokes equa- 
tions with helical symmetry. For simplicity, we will focus on the special case of 
helical flows in a straight circular pipe. 

Theorem 3.2. Let D be the unit disk in the plane, while C denotes the unit cylin- 
der D x (0, 1). Let uq € H{C) be a helical vector field with step equal to 1. 
Let u € C°([0, 00); H W (C)) fl L 2 ((0, 00); V(C)) be the unique weak solution 
of the helical incompressible Navier-Stokes equations having, as initial data, uq, 
given in Theorem 3.3 of lfT2l . Let vq G H(C) and let v S C°([0, 00); H W (C)) n 
L 2 ((0, 00); V(C)) be a Leray-Hopf weak solution of the three-dimensional incom- 
pressible Navier-Stokes equations with initial data vq. Then, the following inequal- 
ity is valid: 



\v — u 



\h iC ){t) < \\vo-u \\ 2 L 2 {c) exp (z^\\Mh(C)\f° rallt ^ °- 



Proof of Theorem \32\ We can use the same proof as for the 2^D case once we 
make the following observations: 

(i) the L p (D)-norms of u are independent of xs, for any p > 1; 

(ii) the L 2 (Z))-norm of (d Xl , d X2 )u is independent of X3 and bounded 
above by the L 2 (C)-norm of Vu. 

□ 



Remark 3.2. As before, this easily yields uniqueness of Leray-Hopf weak solutions 
with helical initial data. 



Lastly, we discuss the case of axi-symmetric flows. 
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Theorem 3.3. Let Dbea bounded, smooth domain compactly contained in {(r, z) | < 
r < oo, z G R} and set C = {(r,z,9) \ (r,z) € D, < 9 < 2ir}. Let 
uq E H(C) be an axially symmetric vector field. Let u € C°([0, oo); H W (C)) n 
L 2 ((0, oo); V(C)) be the unique weak solution of the axi-symmetric incompress- 
ible Navier-Stokes equations having, as initial data, uq, given in 11101 [20] , Let 
v £ H(C) and let v G C°([0, oo); H(C)) n L 2 ((0, oo); V(C)) £e a Leray-Hopf 
weak solution of the three-dimensional incompressible Navier-Stokes equations 
with initial data vq. There exists a constant M = M(D, u) > such that the 
following inequality is valid: 



u 



(C)W < \\ v o -'"oll^^exp ^M\\uo\\ A L 2( C) y for all t > 0. 



Proof of Theorem \3.3\ We must make small modifications of the proof for the 2^D 
case, beginning by writing the integral over C as J^ w f D with respect to the mea- 
sure rdrdzdO. 

We estimate the nonlinear term as follows: 

fT fT fl'K f 

((w ■ V)w , u) ds = / / / [{w ■ V)w\ ■ urdrdzdOds 



< 



D 

T f-2-ir 

/ \\ w \\L' i (D,rdrdz)\\^ w \\L 2 (D,rdrdz)\\ u \\L' i {D,rdrdz) dOds 
JO 
rT i>2tt 

~ K Jo JO ^A^rdrdz)^ 9 ^ 9 ^^ 

where K > is a constant appearing in the two-dimensional Ladyzhenskaya in- 
equality in D, valid since w vanishes on the boundary of D for each fixed 9, to- 
gether with the fact that D is bounded away from the axis of symmetry, so that 
r > a, for some fixed a > 0; 

r T r2n 



r 1 rZTT 

~ K JO JO ^ W ^{D,rdrdz)\\ Vw \\\^D,rdrdz)M^ 

~ V Jo JO ^ VW ^ L2 ( D ' rdrdz ) d6dS+K J Q J \\ W \\L2(D,rdrdz)\\ U \\L*(D,rdrdz)d8ds, 
for some K > 0, resulting from using Young's inequality, 

<! \WM\h<c^ds + K f ^\\u\\j A(c) \\w\\l 2(c) ds, 



o 



l 2 (c) J ^"""LHC)" "J^W 



where we have used the fact that ||^(-, ^)llx,4fo Tdrda:) * s independent of 9 and is 
equal to (l/27r)||«||^ 4 ^. We observe that, above, the constant K depends on a. 
By the Gronwall Lemma we deduce, as before, that 

\\w\\h(c)( T ) < \\ w o\\h(C) exp (J^ \\uf L 4 {c) dsj . 

Finally, we use again the two-dimensional Ladyzhenskaya inequality for u, 
noticing that the derivatives which appear are with respect to r and z and, hence, 
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their L 2 (D,rdrdz)-norms are independent of 6. This, together with the energy 
inequality (13.51) . yields the desired result, replacing T by an arbitrary time t > 0. 
This concludes the proof. 

□ 

Global existence and uniqueness of weak solutions for the axi-symmetric Navier- 
Stokes equations was established by O. Ladyzhenskaya, see @, but only under the 
assumption that the axi-symmetric fluid domain be bounded away from the sym- 
metry axis, i.e., r > a, for some a > 0. This restriction has the same origin as 
in Theorem [331 namely, loss of essential 2D scaling at the symmetry axis. (Addi- 
tional results on global regularity of special solutions of the axi-symmetric Navier- 
Stokes equations, defined in a domain which includes the symmetry axis, have 
been obtained in 0.) We note that Theorem 13.31 leaves open the possibility that 
there might exist Leray-Hopf weak solutions of the (3D) Navier-Stokes equations 
with L 2 axi-symmetric initial velocity, for which the symmetry is spontaneously 
broken. 

Remark 3.3. We have considered, throughout this section, viscous flows with zero 
forcing. It should be noted that, if the forcing term / does not vanish and respects 
the same symmetry as the initial velocity, then the proofs of Theorems l3. Ul3T2l and 
I3.3l can be easily adapted to show that 

Wv-uWhic)^) ^ \\ v o-u \\ 2 L 2 {c) exp |m (jKlli2 (c) + 2 J q ( u ( s ,-),f(s,-))ds 

for some M = M(D, v) > 0. This implies, clearly, continuous dependence with 
respect to initial data and, in particular, uniqueness. 

4. INVISCID FLOW 

In this section we discuss the possibility of spontaneous symmetry breaking for 
the Euler system. Our first observation is that spontaneous symmetry breaking is 
possible for weak solutions of the Euler system, in contrast with what we observed 
for the Navier-Stokes equations. This is a special case of a construction due to 
De Lellis and Szekelyhidi in [H, see Proposition 2. We will use this construction 
as formulated in Theorem 2 of ETTl . Before we begin we need to introduce some 
terminology. Since, in this section, we deal only with flows in a periodic box we 
introduce the notation Q N = [0,1]^ for the periodic box in Mr. 

Definition 4.1. Let / G L X (Q 3 ). We say that / is essentially independent of X3 
(which is shortened to ei-X3) if, for almost every a, b € (0,1), f(xi,X2,a) = 
f(x\,X2, b), for almost all (xi, X2) € Q 2 . 

With this, we are now ready to state precisely the symmetry breaking result. 

Theorem 4.1. Let uq = (uq,Uq) £ C°°(Q 2 ) be divergence-free and periodic. 

There exists a weak solution (in fact infinitely many) u = u(t, x±, X2, X3) € C°([0, 00); H W (Q 5 )) 

of the incompressible 3D Euler equations such that u(t = 0) = (uq, 0), and u is 

not ei-x%. 
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Proof. Let v = v(t, x\, X2) be the unique solution of the 2D Euler system in Q 2 , 
given in 13 with initial velocity no- We use Theorem 2 of ll2Tl with v = (v, 0) and 
we define the trace-free matrix u by 

u = v <g> v 

Since v is a solution of the Euler system, it follows that there exists a smooth, 
periodic (in space) pressure q such that the triplet (U, u, q) satisfies the linear system 
(1) from Theorem 2 in ETTl . In addition, the conditions of Theorem 2 in (21 ], that 
v E C°([0, 00); H W (Q 3 )) and u(t, x) be a trace-free symmetric 3x3 matrix, are 
also satisfied. Note that 

_ 3 _ U2 

e(v(t,x),u(t,x)) = -\ m ax{v®v-u) = —, 

where, for any symmetric matrix M, X ma x{M) is the largest eigenvalue of M. 
Next, take g = g(t,x) to be a positive, Q 3 -periodic and continuous function on 
(0, 00) x M 3 , belonging to C fe °([0, 00); L^Q 3 )), and define 

e(t,x) = ^ 2 X)i +g(t,x). 

Then, using Theorem 2 in [21], there exist infinitely many weak solutions u E 
C°([0, 00); H W (Q 3 )) of the incompressible 3D Euler equations in Q 3 with initial 
data (no, 0), and such that for every t E (0, 00) and almost every x E Q 3 , 

\u{t,x)\* = \v(t,x)\* +g{t ^ 

We choose, for example 

9(t,x) = „ - (1 + sin 2 (27ra;3)). 
t z + 1 

Clearly, |u| 2 /2 is not constant with respect to any of the three spatial variables x±, 
X2 and X3, which trivially implies that u is not ei-X3. □ 

Remark 4.1. Observe that the solution u = u(t,x) satisfies ||it(t, Oll^fQ 3 ) > 
11^(0, -)IIl2(q3), for all t > 0. 

This example is not the final word on this issue, since it is natural to restrict 
the search of weak solutions to a smaller class, perhaps satisfying some physically 
motivated entropy-like criterion. Indeed, even in the viscous case, we ruled out 
spontaneous symmetry breaking only for Leray-Hopf weak solutions, and not for 
weak solutions in general. In ifTTTl . P.-L. Lions introduced a notion of generalized 
solution to the Euler equations which he called dissipative solution. He proved 
weak-strong uniqueness, in this class, see Proposition 4.1 of [11], for flows sat- 
isfying certain regularity assumptions. The definition of dissipative solution, as 
given in ifTTl . is complicated, but it was later noticed that weak solutions of the 
incompressible 3D Euler equations, which satisfy the weak energy inequality, are 
dissipative solutions in the sense of Lions, see 0], Proposition 1, for a proof of 
this fact. The weak-strong uniqueness of dissipative solutions, together with the 
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observation regarding weak solutions which satisfy the weak energy inequality, 
imply that spontaneous symmetry breaking can be ruled out for these dissipative 
solutions. More precisely, we have the following result: 

Theorem 4.2. Let uq = (uj,, Uq) G H(Q 2 ) be such that there exists a weak solu- 
tion u € C°([0, oo); H(Q 2 )) of the incompressible 2D Euler equations such that 
the symmetric part ofVu belongs to Lj ([0, oo); L°°(Q 2 )). Then any weak so- 
lution u of the incompressible 3D Euler equations in Q 3 , with initial data (uq, 0), 
which satisfies the weak energy inequality, i.e., such that, for all t > 0, 

IKV) ||h(Q>) < IIOo,0)||h(q3) = \\u \\ H (Q2), 
is independent of (and is equal to (u, 0)). 

The proof of Theorem l4.2l is based on Proposition 4. 1 of ifTTl and on Proposition 
1 of HI. We will not present a complete proof of Theorem I4.2l because this would 
exceed the scope of this work. However, we will provide a brief outline of the 
proof in three steps. 

(1) The results contained in Proposition 4.1 of ifTTTl and in Proposition 1 of 
[ 1 ] are stated and proved for flows in Rr. The first step is to adapt these 
results to periodic flows in Q N , which can be done in a straightforward 
manner. 

(2) Let u be the weak solution in the statement of Theorem 14.21 Then U = 
(u, 0) is a weak solution of the 3D Euler equations satisfying U(0, •) = 
(uq,Q), U G C°([0,oo);H(Q 3 )) and the symmetric part of VU belongs to 
Lj oc ([0, oo); L°°(Q 2 )). Hence, by (the adaptation of) Lions' Proposition 
4.1, iPTn . any dissipative solution with the same initial velocity will be 
equal to U. 

(3) By (the adaptation of) Proposition 1, HI, any weak solution of the 3D 
Euler equations which satisfies the weak energy inequality will be a dissi- 
pative solution and, hence, equals U. Clearly, U is independent of X3. 

Note that the regularity requirement, which we wrote in terms of existence of a 
weak solution, is not very restrictive. Indeed, with initial vorticity in L°°, we al- 
ready have existence and uniqueness of a global weak solution in C°([0, 00); H(Q 2 )) 
such that all first derivatives of velocity are in L^ c ([0, 00), BMO(Q 2 )), see 121 
and Theorem 7.1 in lfT9ll . The condition in Lions' result is slightly more restrictive, 
and is certainly satisfied by strong solutions as in El. 

As we noted, any solution constructed using the strategy in Theorem [4j] will not 
satisfy the weak energy inequality, which places them out of the scope of Theorem 
14.21 In HI, C. De Lellis and L. Szekelyhidi constructed examples of nonuniqueness 
of dissipative solutions of the Euler equations with L 2 initial velocities (this does 
not contradict the Yudovich criteria since vorticity of such initial data does not 
belong to L°°) so uniqueness for dissipative solutions in general cannot hold. Up 
to now we have no example of spontaneous symmetry breaking for dissipative 
solutions, but it would not be a surprise if the convex integration techniques would 
allow the construction of such an example as well. 
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Ultimately, the most precise entropy criterion for weak solutions of the Euler 
equations is to be attained as a vanishing viscosity limit; we can call such solutions 
viscosity solutions of the Euler equations. (Observe that in the absence of phys- 
ical boundaries, as in the present situation, any viscosity solution is a dissipative 
solution, see Proposition 4.2 of iTTTIO . 

Our work already provides one result on retaining symmetry. If u is a weak 
solution of the 3D Euler equations which is Q 3 -periodic, with initial data no, and if 
uq is independent of X3 then, as we have proved in the previous section, any Leray- 
Hopf weak solution of the Navier-Stokes equations with initial data precisely equal 
to uq will be independent of X3. It is easy to see that essentially any limit of 
a^-independent flows will be x% -independent as well. Restricting the notion of 
viscosity solutions to those which are limits of Leray-Hopf weak solutions is quite 
reasonable, as those are the physically meaningful weak solutions of the Navier- 
Stokes equations. However, insisting that viscosity solutions be limits of vanishing 
viscosity limits with exactly the same data might be too demanding. In this sense, 
let us define a viscosity weak solution of the Euler system with initial data uq as a 
solution which is a weak-star limit in L°°((0, 00); L 2 (Q 3 )), as v — > 0+, of Leray- 
Hopf weak solutions of the v- Navier-Stokes system in Q 3 with initial data Uq, 
where Uq —> (uq, 0) strongly in L 2 when v — > 0+. We will state and prove a result 
on retaining symmetry for viscosity solutions; we begin with a measure theory 
lemma. 

Lemma 4.3. Let f £ L 2 (Q 3 ). Then f is ei-x% if and only if d X3 f = in the sense 
of distributions. 

Proof. The fact that X3 -independence implies d X3 f = is an application of Fu- 
bini's Theorem. Indeed, let ip G C~ r (Q 3 ). Fix b G (0, 1) such that f(x',a) = 
f(x', b) for almost every a € (0,1) and almost every x' € Q 2 . Let A C (0, 1) be 
defined by 

A = {ae(Q,l)\f(x',a) = f(x',b)}; 
notice that \A\ = 1. Then we have 



d X3 (p(x)f(x)dx = / / d X3 ip(x',x 3 )f(x',x 3 ) dx'dx 3 
J (0,1) JQ 2 

d X3 (p(x' , a) f (x' , a) dx' da = / / d X3 tp(x' \a)f(x' \b) dx'da 

A JQ 2 JaJQ 2 

f(x',b) / d X3 ip(x' , a) dadx' = / f(x',b) / d X3 (p(x', a) dadx' = 0. 
? 2 J A JQ 2 7(0,1) 

Conversely, assume that d X3 f = in the sense of distributions. We write the 
Fourier series of / as: 

/= f(k)e 2nik x - 
fcez 3 

Since / G L 2 (Q 3 ), it follows that the truncations 

In = f N (x) = f(k)e 2nik - x 

keZ 3 ,\k\<N 
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converges in L 2 , and therefore, admits a subsequence, which we do not relabel, 
converging pointwise almost everywhere to /. 

It can be verified that, for each fixed N G N, /jv is a function of x± and 22 
alone. Indeed, if k = (ki, &2, £3) G 1? and ^ / then 



f(k)= I f(x)e- 2mkx dx = —L I f(x)d X3 e- 2mkx dx. 
Jq3 2mk 3 J Q3 

Hence, since trigonometric polynomials belong to C^ r (Q 3 ), it follows that, if 

&3 7^ 0, then f(k) = 0. Consequently, Jn is independent of X3. 

To conclude we note that, by Fubini's theorem, we have that, for almost all 
a, b G (0,1), fN(x',a) — > f(x',a) and /jv(a/, 6) — > f(x',b) pointwise almost 
everywhere. It follows that f(x', a) = f(x', b) for almost every a, b G (0, 1), as 
desired. 

□ 

Theorem 4.4. Let u G H(Q 3 ) be ei-x 3 and let u G L°°((0, 00); H(Q 3 )) be 
a weak solution of the 3D Euler equations in Q 3 with initial data uq. For each 
v > 0, assume that there exists u u , a Leray-Hopf weak solutions of the Navier- 
Stokes equations in Q s with viscosity v and with initial data Uq G H(Q 3 ), such 
that u v — 1 u in the sense of distributions in (0, 00) x Q 3 , and that there exists 
27 

C > ^ll' u o|ll2(Q3), such that: 

\Wo ~ u u Q \\ L 2 m =o[e- c / vi ) . (4.1) 
Then u is ei-xj, for almost all time. 

Proof. First consider v u = v u (x,t) to be the Leray-Hopf weak solutions of the 
Navier-Stokes equations with viscosity v > in Q 3 with initial data uq. By 
Theorem 13. 1[ v v is 23-independent for almost all time. Using the fact that v v G 
C ([0, 00); H W (Q 3 )) and Lemma 1431 we can assume that v v is ^-independent for 
all time. We write 

u = (u - v?) + (u u - v v ) + v u . 
Using Theorem l3.1[ we have the following estimate: 

IK - u v \\v>(Cp) < \\ u o - Uo\\ L 2 m exp|g^4l|wo|lia(g3)| • 



From the hypothesis, it follows that u v — v v = o(l), as v — > 0+ in L 2 (Q 3 ) 
Let tp = <p(t, x) G C 6 °°(Q 3 ) and choose i] G C~ r ([0, 00)). We have: 

roc p 

(r)d X3 p, u) = (r)d X3 ip, u - u v ) + / / <qd Xz ip(u u - v v ) dxdt 



+ / / r]d X3 (pv u dxdt. 
Jo Jq 3 

Hence, using the fact that v u is ^-independent we find, by Lemma 1431 

/>oo 

\{r]d X3 ip,u)\ < \(rjd X3 ip,u-u u )\+ / \r]\\\d X3 (p\\ L 2 {QS) \\u u - v u \\ L 2 {Q:i) dt, 
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which vanishes as v — > + . This concludes the proof. 

□ 

5. Comments and conclusions 

One problem to be investigated is to try to extend the viscous stability result to 
flows in M 2 x (0, L), periodic in the third variable. This could be attempted through 
the method developed in Section 2 or, perhaps, by adapting the work of Kozono 
and Taniuchi to this context. A more interesting, albeit difficult, class of problems 
is to consider perturbations which are not periodic, such as arise for compactly 
supported perturbations of Poiseuille flow in an infinite pipe. Another possible line 
of investigation is to search for an example of inviscid symmetry breaking among 
dissipative solutions using convex integration techniques. 

6. Acknowledgements 

Bardos acknowledges the kind hospitality of the Weizmann Institute of Science, 
where part of this work was done. Lopes Filho's research is supported in part 
by CNPq grants 303089/2010-5 and 200434/2011-0. Nussenzveig Lopes' work is 
partially supported by CNPq grant 306331/2010-1 and CAPES grant 6649/10-6. 
Lopes Filho and Nussenzveig Lopes also acknowledge the support of the FAPESP 
Thematic Project 2007/51490-7, the CNPq Cooperation Project 490124/2009-7, 
and the hospitality of the Mathematics Department of the Univ. of California, 
Riverside. Niu's research was partially supported by National Youth grant, China 
(No. 11001184). Titi's work was supported in part by the NSF grants DMS- 
1009950, DMS-1 109640 and DMS-1 109645. Titi also acknowledges the support 
of the Alexander von Humboldt Stiftung/Foundation and the Minerva Stiftung/Foundation. 

References 

[1] C. De Lellis and L. Szekelyhidi, On admissibility criteria for weak solutions of the Euler 

equations. Arch. Ration. Mech. Anal. 195 (2010) 225-260. 
[2] D. Ebin and J. Marsden, Groups of diffeomorphisms and the motion of an incompressible fluid. 

Ann. of Math. 92 (1970) 102-163. 
[3] L. Escauriaza, G. Seregin and V. Sverak, L 3 '°° -solutions of Navier-Stokes equations and back- 
ward uniqueness. (Russian) Uspekhi Mat. Nauk 58 (2003) 3-44; translation in Russian Math. 

Surveys 58 (2003) 211-250. 
[4] L. Escauriaza, G. Seregin and V. Sverak, Backward uniqueness for parabolic equations. Arch. 

Ration. Mech. Anal. 169 (2003) 147-157. 
[5] R Germain, Multipliers, paramultipliers, and weak-strong uniqueness for the Navier-Stokes 

equations. J. Diff. Eqs. 226 (2006) 373-428. 
[6] T. Y. Hou, Z. Lei and C. Li, Global regularity of the 3D axi-symmetric Navier-Stokes equations 

with anisotropic data. Comm. Part. Diff. Eqs. 33 (2008) 1622-1637. 
[7] D. Iftimie, The 3D Navier-Stokes equations seen as a perturbation of the 2D Navier-Stokes 

equations. Bull. Soc. Math. France 127 (1999) 473-517. 
[8] H. Kozono and Y. Taniuchi, Bilinear estimates in BMO and the Navier-Stokes equations. 

Math. Z. 235 (2000) 173-194. 
[9] O. A. Ladyzhenskaya, Solution "in the large" of the non-stationary boundary -value problem 

for the Navier-Stokes system with two space variables. Comm. Pure Appl. Math. 12 (1959) 

427-433. 



16 C. BARDOS, M.C. LOPES FILHO, D. NIU, H.J. NUSSENZVEIG LOPES, AND E.S. TITI 



[10] O. A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flow, New York: 

Gordon and Breach Science Publishers, 1969. 
[11] P.-L. Lions, Mathematical Toopics in Fluid Mechanics. Vol. 1. Incompressible Models. Oxford 

Lecture Series in Mathematics and its Applications, 3. Oxford University Press, New York, 

1996. 

[12] A. Mahalov, E. S. Titi, and S. Leibovich, Invariant helical subspaces for the Navier-Stokes 

equations, Arch. Rat. Mech. Anal. 112 (1990), 193-222. 
[13] A. Majda and A. Bertozzi, Vorticity and Incompressible Flow. Cambridge Texts in Applied 

Mathematics. Cambridge University Press, Cambridge, 2002. 
[14] P. B. Mucha, Stability of 2D incompressible flows in R 3 . J. Diff. Eqs. 245 (2008) 2355-2367. 
[15] G. Ponce, R. Racke, T. C. Sideris and E. S. Titi, Global stability of large solutions to the 3D 

Navier-Stokes equations. Commun. Math. Phys. 159 (1994) 329-341. 
[16] G. Prodi, Un teorema di unicita per le equazioni di Navier-Stokes. (Italian) Ann. Mat. Pura 

Appl. 48 (1959) 173-182. 
[17] G. Seregin and V. Sverak, The Navier-Stokes equations and backward uniqueness. Nonlinear 

problems in mathematical physics and related topics, II, 353-366, Int. Math. Ser. (N. Y), 2, 

Kluwer/Plenum, New York, 2002. 
[18] J. Serrin, The initial value problem for the Navier-Stokes equations. 1963 Nonlinear Problems 

(Proc. Sympos., Madison, Wis. pp. 69-98) Univ. of Wisconsin Press, Madison, Wis. 
[19] A. Torchinsky, Real Variable Methods in Harmonic Analysis. Pure and Applied Mathematics, 

vol. 123, Academic Press, 1986. 
[20] M. R. Ukhovskii and V. I. Yudovich, Axially symmetric flows of ideal and viscous fluids filling 

the whole space. J. Appl. Math. Mech. 32, 52-62 (1968). 
[21] E. Wiedemann, Existence of weak solutions for the incompressible Euler equations. Ann. Inst. 

H. Poincare (C) Anal. non-Lin. 28 (201 1) 727-730. 
[22] V. I. Yudovich, N on- stationary flows of an ideal incompressible fluid. Z. Vycisl. Mat. i Mat. 

Fiz. 3 (1963) 1032-1066. 

(C. Bardos) 31 Avenue Trudaine 75009 Paris, Laboratoire J.-L. Lions, Universite 
de Paris VII, Denis Diderot 

E-mail address: claude . bardosSgmail . com 

(M. C. Lopes Filho) DEPTO. DE MATEMATICA, IMECC, RUA SERGIO BUARQUE DE HOLANDA, 

651, UniversidadeEstadual de Campinas - UNICAMP, Campinas, SP 13083-859, Brasil 
E-mail address: mlopesS ime . unicamp . br 

(D. Niu) School of Mathematical Sciences, Capital Normal University, Beijing 
100048, P. R. China 

E-mail address: d jniu@cnu . edu . cn 

(H.J. Nussenzveig Lopes) DEPTO. DE MATEMATICA, IMECC, RUA SERGIO BUARQUE DE 
Holanda, 651, UniversidadeEstadual de Campinas - UNICAMP, Campinas, SP 13083- 
859, Brasil 

E-mail address: hlopesSime . unicamp . br 

(E.S. Titi) Department of Mathematics, and Department of Mechanical and Aerospace 
Engineering, University of California, Irvine, CA 92697-3875, USA. Also: Depart- 
ment of Computer Science and Applied Mathematics, Weizmann Institute of Sci- 
ence, Rehovot 76100, Israel. Fellow of the Center of Smart Interfaces (CSI), 
Technische Universitat Darmstadt, Germany. 

E-mail address: etiti@math . uci . edu 

E-mail address: edriss . titiSweizmann .ac.il 



